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Recent Nf = 2 + 1 lattice data for meson-meson scattering in p-wave and isospin I = 1 are
analyzed using a unitarized model inspired by Chiral Perturbation Theory in the inverse-amplitude
formulation for two and three flavors. Chiral extrapolations are performed that postdict phase shifts
extracted from experiment quite well. In addition, the low-energy constants are compared to the
ones from a recent analysis of Nf = 2 lattice QCD simulations to check for the consistency of the
hadronic model used here. Some inconsistencies are detected in the fits to Nf = 2 + 1 data, in
contrast to the previous analysis of Nf = 2 data.
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I. INTRODUCTION
Lattice QCD simulations allow for the determination of
scattering phase shifts from Quantum Chromodynamics
(QCD). The Lu¨scher approach [1–4] relates the discrete
energy spectrum obtained from the QCD Hamiltonian in
a cube to the elastic scattering amplitude. It was ini-
tially derived for two particles with zero total momen-
tum and later extended to non-zero momentum states
[5], asymmetric boxes [6, 7], and coupled channels [8–12].
Recently, progress for its generalization to three-particle
states has been made [13–16]. An alternative method for
extraction of infinite volume quantities from finite vol-
ume results was proposed in Ref. [15].
The lightest vector-meson resonance, the ρ(770), has
been studied in several two-flavor (Nf = 2) lattice-QCD
simulations. For example, Lang et al. performed a simu-
lation with a pion mass of Mpi ≈ 266 MeV [17]. A simu-
lation close to the physical point was carried out by the
RQCD Collaboration [18]. The GWU group extracted
very precise phase shifts for two different pion masses
(Mpi ≈ 226 MeV and ≈ 315 MeV) [19, 20]. See also Refs.
[21–23] for other Nf = 2 simulations. In Refs. [20, 24],
the available Nf = 2 lattice data were extrapolated to
the physical point using unitarized Chiral Perturbation
Theory based on the formulation of Ref. [25] with some
modifications. The model describes the energy levels;
however, the chiral extrapolation of the various Nf = 2
simulations led to consistently light ρ masses about 60
MeV below the physical value. The Nf = 2 simulation
from the RQCD group [18], at a pion mass only 10 MeV
higher than the physical one, produces a ρ meson in the
same region suggesting that the chiral extrapolation itself
is not the main reason for this discrepancy.
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The origin of the discrepancy could lie in the scale set-
ting or other effects within the lattice QCD simulations
themselves. Alternatively, in Refs. [20, 24] the absence
of the strange quark in the simulations was proposed as
a possible reason; indeed, within the UChPT model, the
addition of the KK¯ channel can quantitatively compen-
sate the mass gap. This is consistently the case among
the Nf = 2 simulations, and the explanation is not in
contradiction to the tiny KK¯ inelasticities in the ρ chan-
nel determined from experiment and the small KK¯ phase
shift determined in Ref. [26] from the lattice. It is then
natural to test the UChPT model also for the existing
Nf = 2 + 1 simulations which is the aim of this study.
Several simulations of the ρ meson phase shifts in Nf =
2 + 1 flavors have been carried out in recent years [26–
35]. In this study we use the model of Ref. [20, 24] to
analyze the results of most of these simulations with the
goals: 1) to provide chiral extrapolations, 2) to check
consistency of the method that was previously used for
Nf = 2 simulations only, and 3) to further investigate
the role of the strange quark in the lattice simulations. In
particular, we compare the values of low-energy constants
(LECs) extracted from the Nf = 2+1 simulations to the
ones from Nf = 2 simulations in Ref. [24] for consistency.
Furthermore, these values are compared to the ones from
fits to experimental phase shifts.
While in Refs. [20, 24] including the KK¯ channel a
posteriori in the analysis of Nf = 2 data led to a size-
able shift of the ρ mass (yet, producing only small in-
elasticities), the one-channel (pipi) description of the ρ
was found sufficient in the chiral extrapolation [36] of the
Nf = 2 + 1 lattice data [26, 27] of the Hadron Spectrum
Collaboration. This is not in contradiction, and, in fact,
even expected as long as the explicit KK¯ dynamics can
be effectively absorbed in the SU(2) LECs. The present
framework will be checked in this respect.
In the present formulation of the SU(3) model we can
only check for the internal consistency of LECs from fits
to experiment with Nf = 2 and with Nf = 2 + 1 simula-
tions but not compare them to the standard values from
Chiral Perturbation theory (ChPT). This is because the
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2model incorporates the next-to-leading order (NLO) con-
tact terms but not the u- and t-channel loops or tadpoles
so that it cannot be fully matched to one-loop ChPT. Re-
garding the size of LECs, in Ref. [37] we simultaneously
analyzed the data of the recent Nf = 2+1 simulations in
the isoscalar and isovector channel by the Hadron Spec-
trum Collaboration [26, 27, 38]. See also results from the
ETMC Collaboration [39]. We used the full one-loop in-
verse amplitude method. Yet, the extracted SU(2) LECs
were considerably different from the standard ChPT val-
ues and, in fact, of similar size as in the previous analysis
of the ρ channel in Ref. [36]. A clarification of this issue
is left for future studies. The relevant LECs for the pion
form factor were extracted from one-and-two loop ChPT
in comparison with lattice data in the analysis of Ref.
[40].
In the following section, the UChPT formalism is dis-
cussed. In Sec. III, different fit strategies are tested
to carry out chiral extrapolations, LECs are compared
for consistency, and SU(2) vs. SU(3) extrapolations are
discussed. In Secs. III and IV the main findings are
interpreted and summarized.
II. FORMALISM
Unitarized Chiral Perturbation Theory (UChPT) is a
nonperturbative method which combines the constraints
from coupled-channel unitarity and chiral symmetry,
and describes rather successfully the pseudoscalar-
pseudoscalar meson scattering data up to 1200 MeV. In
this approach, several resonances such as the ρ and σ
mesons are identified with poles of the scattering ampli-
tude in the complex-energy plane. The UChPT approach
relies upon an expansion of the inverse of the scattering
amplitude for a better convergence of the expansion in
the momentum in the vicinity of resonance poles. This
so-called inverse amplitude method was introduced in
Ref. [41] and extended in Refs. [42–48]. The O(p2)
chiral Lagrangian [49, 50] qualitatively leads to the gen-
eration of the scalar resonances, while, as shown in Ref.
[25], to generate the vector-meson resonances one needs
the O(p4) Lagrangian, which depends on the low-energy
constants. The latter can be understood in terms of the
resonance saturation hypothesis, in other words, assum-
ing that the parameters of the O(p4) chiral Lagrangian
are saturated by resonance exchange between the two
pseudoscalar mesons. Altogether, the UChPT model
with O(p2) and O(p4) chiral Lagrangians dynamically
generates the scalar- and vector-meson resonances and
describes scattering data up to 1.2 GeV [25]. Note that
the generation of the ρ explicitly requires the presence
of the O(p4) term, which contains a seed of the vector
mesons, fully recovered in the unitarity scheme [25, 51].
For chiral extrapolations including the ρ meson as an-
tisymmetric tensor field in ChPT see the fundamental
work of Ref. [52].
The partial wave decomposition of the scattering am-
plitude of two spinless mesons with definite isospin I can
be written as
TI =
∑
J
(2J + 1)TIJPJ(cos θ) , (1)
where
TIJ =
1
2
∫ 1
−1
PJ(cos θ)TI(θ) dcos θ . (2)
In the UChPT model, the two-channel scattering equa-
tion reads as follows [25],
T = V2[V2 − V4 − V2GV2]−1V2 , (3)
where V2 and V4 are 2 × 2 matrices which contain the
transition potentials derived from the O(p2) and O(p4)
Lagrangians of the ChPT expansion, respectively [49, 50].
With the channel ordering (pipi,KK¯) these potentials,
projected on I = 1 and L = 1, are [20]
V2(W ) = −
 2p213f2pi √2p2p13fKfpi√
2p2p1
3fKfpi
p22
3f2K
 (4)
and
V4(W ) =
−
 8p21(2lˆ1M2pi−lˆ2W 2)3f4pi 8p1p2(L5(M2K+M2pi)−L3W 2)3√2f2pif2K
8p1p2(L5(M
2
K+M
2
pi)−L3W 2)
3
√
2f2pif
2
K
4p22(10lˆ1M
2
K+3(L3−2lˆ2)W 2)
9f4K
 ,
(5)
where pi =
√
(W 2−(m1+m2)2)(W 2−(m1−m2)2)
2W for the chan-
nel i, W is the center-of-mass energy, and m1,2 refers to
the masses of the mesons 1, 2 in the i channel. In the tran-
sition potential of Eq. (5), four distinct combinations of
LECs are involved, lˆ1, lˆ2, L3 and L5, where lˆ1 = 2L4+L5,
and lˆ2 = 2L1−L2+L3. The LECs lˆ1 and lˆ2 appear in the
diagonal transitions, pipi → pipi and KK¯ → KK¯, while
the other two LECs, L3 and L5, are present in the off-
diagonal elements pipi → KK¯. Note that in the present
notation the lˆi are not the canonical SU(2) LECs but
combinations of SU(3) LECs. In Eq. (3), G is a diagonal
matrix whose elements are the two-meson loop functions,
which are evaluated using dimensional regularization,
Gii(W )= i
∫
d4q
(2pi)4
1
q2 −m21 + i
1
(P − q)2 −m22 + i
=
1
16pi2
{
a(µ) + ln
m21
µ2
+
m22 −m21 +W 2
2W 2
ln
m22
m21
+
pi
W
[
ln( W 2 − (m21 −m22) + 2piW )
+ ln( W 2 + (m21 −m22) + 2piW )
− ln(−W 2 + (m21 −m22) + 2piW )
− ln(−W 2 − (m21 −m22) + 2piW )
]}
(6)
3with P = (
√
s, 0, 0, 0). Throughout this study we use
µ = 1 GeV and a(µ) = −1.28 as obtained in a fit to
phase shifts from experiment [24]. The dependence on
the subtraction constant in the case of the ρ meson can
well be absorbed in the values of the LECs [24]. More
evolved UChPT models include one-loop contributions to
guarantee a scale invariant amplitude at O(p4) [45, 46].
Here, one-loop contributions are not taken into account
in the potential, but the meson decay constant depen-
dence on the pion mass is taken from Ref. [46], where
fpi, fK are fitted in an analysis of combined lattice and
experimental data. This framework is the same as in
Refs. [20, 24] used for Nf = 2 simulations, to be able to
check its consistency with Nf = 2 + 1 simulations in the
following sections.
The elements Tij of the scattering amplitude are re-
lated to S-matrix elements as follows,
Tij = − 8piW
2i
√
pipj
(Sij − δij) , (7)
and the S-matrix is parametrized as
S =
(
ηe2iδ1 i(1− η2)1/2ei(δ1+δ2)
i(1− η2)1/2ei(δ1+δ2) ηe2iδ2
)
. (8)
For one-channel pipi scattering, the (I = 1, L = 1) poten-
tial is
V˜ =
V˜ 22
V˜2 − V˜4
=
−2 p2
3(f2pi − 8 lˆ1M2pi + 4 lˆ2W 2)
, (9)
where V˜2 and V˜4 are the (i = 1, j = 1) elements of V2 and
V4 in Eqs. (4) and (5), respectively. The above potential
is the kernel of the Bethe-Salpeter equation for the one-
channel amplitude,
T˜ =
V˜
1− V˜ G11
. (10)
Therefore, the phase shift is related to the scattering am-
plitude,
p cot δ(p) =
−8piW
T˜
+ ip . (11)
When the UChPT model is fitted to the experimental
data for pipi and piK phase shifts, similarly as in Ref. [53],
we obtain the values for the LECs in Eq. (5) given in the
last row of Table I. In what follows, we will refer to this
fit as “Experimental”.
The UChPT model can be implemented in the finite
volume by imposing that the scattering states can only
have discrete momenta. This formalism, developed in
Refs. [10, 11, 54, 55] is equivalent to the Lu¨scher ap-
proach up to contributions kept in Ref. [11] that are ex-
ponentially suppressed with the cube volume. See also
Ref. [56] for the expected effects from this correction for
the ρ meson. For details of the finite-volume implemen-
tations of the current formulation, see the Appendix of
Ref. [20]. In Ref. [57] the method is generalized to the
cases of moving frames and partial-wave-mixing in cou-
pled channels.
While in Ref. [20] the eigenenergies were fitted, here we
directly fit the extracted phase shifts. For this, the cor-
relation between energy W and phase shift δ(W ) has to
be taken into account, and also the correlations between
eigenenergies themselves if available.
In general, the energy measurements on the lattice are
correlated. The χ2 function is written as
χ2 = ( ~W1 − ~W0)TC−1( ~W1 − ~W0) , (12)
with ~W0 being the vector of eigenenergies measured on
the lattice, C the covariance matrix of these energies,
and ~W1 the corresponding energies of the fit function.
To account for the inclined error bars in the (W, δ(W ))
plane, i. e., correlations from the Lu¨scher formula [1–
4], δL = g(W ), one can reconstruct the energies, W1i,
from the fit function, δfit = f(W1i), by means of a Taylor
expansion of the functions f and g near the measured
energies W0i. Up to linear order in W1i one finds imme-
diately
W1i =
g(W0i)− f(W0i)
f ′(W0i)− g′(W0i) +W0i . (13)
For the particular case of no correlations between the
eigenenergies, i.e., C = diag(σ21 , ..., σ
2
n), Eq. (12) is sim-
plified as
χ2 =
n∑
i=1
1
σ2i
(
g(W0i)− f(W0i)
f ′(W0i)− g′(W0i)
)2
. (14)
The discussed fitting procedure has the advantage that
one does not need to explicitly fit the eigenenergies, and
thus, to construct the scattering amplitude in the finite
volume for different boosts or asymmetries [20].
As in Ref. [24], fits are restricted to the data which
are in the maximal range around the resonance position,
in which the fit passes Pearson’s χ2 test at a 90% up-
per confidence limit. We take into account the correla-
tion between energies but omit here the correlations be-
tween energies, pion mass, and anisotropy ξ. Uncertain-
ties from the scale settings are considered as systematic
and treated separately as discussed below.
III. RESULTS
The lattice data for p-wave pipi phase shifts in I = 1 of
Refs. [26–28, 30, 33, 34] are fitted by the UChPT model
described in the previous section, using Eqs. (3), (4) and
(5). We skip the analysis of the data from Ref. [35] be-
cause they have large uncertainties. Note that in Eq. (5)
there are four parameters for the minimization problem.
When performing the fits, because of strong non-trivial
correlations between the parameters, many different χ2
minima are found. Thus, to restrict the model and to
4study the parametrization and chiral behaviour, four dif-
ferent strategies (a), (b), (c), and (d) are pursued. In (a)
the two LECs L3 and L5 are fixed which makes the model
identical to the approach of Refs. [20, 24]. In strategy
(b), L3 and L5 are left free. Here, we do a consistency
check for the fixed values of L3 and L5 used in strategy
(a) (and also in Refs. [20, 24]). In (c), all available data
below Mpi = 320 MeV are fitted simultaneously while
fixing only one low-energy constant, L5, to its value ob-
tained in the fit to experimental data. Finally, in strategy
(d), a combined fit of data for the two pion masses of the
Hadron Spectrum Collaboration is performed. Then, the
pion mass dependence of the ρ meson is studied. In what
follows we explain the different minimization strategies
and the results in each case.
A. Fit (a) – fixed L3, L5
The two LECs L3 and L5 are fixed to their values ob-
tained by fitting phase shifts from experiment [20, 24].
This makes fit strategy (a) identical to the approach of
Refs. [20, 24]. Phase shifts and extrapolation to the phys-
ical point, in comparison to the lattice and experimental
data, are shown in Fig. 1. Continuous lines represent the
result from the two-channel SU(3) fits, and dashed lines
those from the one-channel SU(2) fits. As expected, the
fits to data and even the extrapolations, are very similar
for the SU(2) vs. SU(3) fits, which demonstrates that
the explicit dynamics of the KK¯ channel can be well ab-
sorbed in the LECs of the SU(2) fit. A more detailed
discussion on the SU(2) UChPT fits can be found in Ap-
pendix A.
The SU(3) UChPT model describes the lattice data
well, see the χ2d.o.f given in Table I. The extrapolated
phase shifts for the Wilson15 [26] and Bulava16 [28] data
are on top of the experimental data as Fig. 1 shows. For
the case of the Dudek13 [27] data, with Mpi = 391 MeV,
the extrapolated phase shift is at slightly lower energies
than the experiment. For the Aoki11 data [30], the ex-
trapolation shows large uncertainties so that both sets of
data are fitted together, and the phase shift at the phys-
ical pion mass is also slightly offset. The extrapolated
ρ from the analysis of the Alexandrou17 data is lighter
than the one from experiment.
The UChPT model predicts pole positions in the
complex-energy plane of the scattering amplitude. In
order to provide values of (mρ, g), as usually quoted in
lattice data analyses, we fit Breit-Wigner distributions to
the UChPT solutions. See Refs. [20, 24] for more details.
In Fig. 2 (left), results for (mρ, g) for different lattice
data sets are presented. Empty and filled symbols stand
for SU(2) and SU(3) analyses, respectively. The experi-
mental point is indicated as “phys.”. For the Bulava16,
Wilson15 and Dudek13 data, the values of mρ and g in
the SU(3) fits are close to the physical value, with dif-
ferences of less than 5% in g, and around [1 − 3] % in
mρ. Discrepancies are larger for the Alexandrou17 and
Aoki11 data sets.
Regarding the values of the LECs in Table I, lˆ2 is simi-
lar in all the analyses while lˆ1 shows larger uncertainties.
We will come back to these problems when we discuss
the pion mass dependence of the ρ meson at the end of
this section (strategy (d)). Error ellipses for the (lˆ1, lˆ2)
parameters, in the SU(3) analyses are shown in Fig. 3.
The ellipses, indicating the 68% confidence regions, are
close to each other except for the analyses of the Aoki11,
and Alexandrou17 data. We note that the error ellipses
do not have an as clearly common overlap region as in the
analysis of Nf = 2 data of Ref. [24]. There, with the ex-
ception of the data from the ETMC collaboration [22], all
considered Nf = 2 data [17, 18, 20, 21, 23] led to such a
region in the lˆ1, lˆ2 plane (result from [23] very slightly off)
demonstrating the consistency of data and fits within the
considered SU(2) one-channel model. We show in Fig. 3
the ellipse of one of the Nf = 2 fits of Ref. [24], indicated
as Lang11 [17] because that result can be regarded as
representative for the other Nf = 2 fits. There is nearly
an overlap of 68% confidence regions between that anal-
ysis and the present Nf = 2+1 analyses of the Wilson15,
Dudek13, and Bulava16 data. However, the lˆi obtained
in the present analysis of Nf = 2 + 1 data are incompat-
ible with the values determined from experiment (star in
Fig. 3). This discrepancy with the experiment could be
solved by fitting simultaneously lattice data in other re-
actions, e.g., piK and KK¯ scattering, which also depend
on these LECs.
There are different ways to set the scale, for example
through the Ω baryon mass as pointed out in Ref. [36].
Depending on whether it is assumed that mΩ is depen-
dent or not on the pion mass, two different values of the
lattice spacing, listed in Table II, are obtained. To study
this source of uncertainty, we perform a fit of the Wil-
son15 data for these two different lattice spacings. The
results for (g,mρ) are given in Table II. The differences
are less than 2%. The results presented in this section for
the Wilson15 data correspond to the first value of the lat-
tice spacing in Table II. In the subsequent minimizations
(b) and (c) we do not further study this source of sys-
tematic error. In principle, other data might have larger
uncertainties from the scale setting but, in view of the
smallness of the effect, we have not further investigated
this.
Regarding the Nf = 2 + 1 lattice data of Ref. [33]
(Fu16), since some of the parameters such as the kaon
mass are not quoted, we limit the analysis to the one-
channel SU(2) UChPT model with strategy (a). We
found some discrepancies with other sets of lattice data
for similar pion masses, and also unusually large differ-
ences with the experimental data when the extrapola-
tions are done. This is discussed in Appendix B.
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FIG. 1. Phase shifts obtained for the minimization strategy (a) described in the text. Lattice data included in the fit [26–
28, 30, 34] are shown in red, together with their extrapolations to the physical point (red and dashed-blue curves), and in
comparison to the experimental data (blue) [58]. In all plots, solid (dashed) lines show the results using the two-channel SU(3)
model (one-channel SU(2) model). Statistical uncertainties in the extrapolations are indicated with light blue (light red) bands
for the SU(3) model (SU(2) model).
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respectively. The experimental point is indicated as “phys.”.
6Strategy (a) Strategy (b)
(L3 = −3.01(f), L5 = 0.64(f))
Mpi(MeV) lˆ1 lˆ2 χ
2
d.o.f. lˆ1 lˆ2 L3 L5 χ
2
d.o.f.
Wilson15 [26] 236 3.7± 1.2 −3.2± 0.3 0.9 4.7+1.2−0.8 −3.0+0.2−0.9 −3.4+1.7−0.2 −0.4+0.6−1.0 1.0
Dudek13 [27] 391 1.8± 0.5 −3.7± 0.3 1.2 5.4+0.9−0.1 −7.4+0.6−0.1 +4.3+0.3−0.04 −3.8+0.7−0.1 1.3
Bulava16 [28] 230 5± 2 −3.1± 0.4 1.1 6.3+1.1−1.0 −3.0+0.3−0.4 −3.5+0.4−0.3 −1.5+0.8−1.0 1.3
Aoki11 [30] 300 & 400 2.5± 0.7 −2.8± 0.3 1.1 2.1+3.8−1.2 −3.0+0.5−1.9 −3.2+1.2−0.6 0.7+0.7−6.3 1.4
Alexandrou17 [34] 317 2.8± 0.8 −3.8± 0.3 0.6 13.3+0.8−0.4 −12.9+0.5−0.3 15.0+0.3−0.1 −11.7+0.7−0.4 0.7
Strategy (c) ≤ 320 - - - 4.7+0.5−0.2 −2.9+0.09−0.03 −3.27+0.07−0.03 0.64(f) 2.1
Strategy (d) 236 & 391 2.0± 0.2 −3.6± 0.1 1.1 - - - - -
Guo16 (Nf = 2) 226 & 315 2.26± 0.14 −3.44± 0.03 1.3 - - - - -
Experimental 138 0.26± 0.05 −3.96± 0.04 - 0.26± 0.05 − 3.96± 0.04 − 3.01± 0.02 0.64± 0.03 -
TABLE I. Low-energy constants and χ2d.o.f. obtained in minimization strategies (a), (b), (c) and (d) for the lattice data from
Refs. [26–28, 30, 34]. The superscript (f) indicates parameters held fixed at their experimental values. The χ2d.o.f with respect
to the lattice data is given for every strategy. In the last two rows, the results from Ref. [20] and from the fit to the experimental
data [53] are shown for comparison.
SU(2) fit SU(3) fit
a (fm) g mρ (MeV) g mρ (MeV)
0.03290 6.11± 0.13 759± 10 6.11± 0.10 760± 11
0.03216 5.99± 0.12 756± 9 6.12± 0.07 762± 6
TABLE II. (g,mρ) at the physical point obtained from the
fit of the Wilson15 data in the minimization strategy (a) for
the different lattice spacings used in Ref. [36]. The quoted
uncertainties are statistical.
B. Fit (b) – free L3, L5
All four parameters are left free. In strategy (a) we
noted that SU(2) and SU(3) fits expectedly produce simi-
lar results. This indicates large correlations of the L3 and
L5 LECs in the pipi → KK¯ transition with the lˆi in the
pipi → pipi transition. Indeed, leaving all four variables as
free fit parameters produces many different local minima
of the χ2 function. We reduce the number of minima by
preventing unphysical solutions with very narrow poles,
unnaturally large values of LECs, or bound states gen-
erated below threshold (the unconstrained inverse am-
plitude method allows for such solutions, in principle).
We only retain solutions in which the χ2 as a function of
parameters behaves quadratically in the vicinity of the
minimum to exclude such problematic solutions. Yet,
even then several local minima remain. Some of them
exhibit values for L3 and L5 close to the ones held fixed
in strategy (a). The corresponding chiral extrapolations
all resemble those of strategy (a) so we do not further
consider them. Instead, we choose a minimum in which
the predicted χ2 evaluated with the experimental phase
shifts is small, i.e., a minimum with excellent chiral ex-
trapolation. The reason to do so is to check the resulting
values of L3 and L5 with the ones of strategy (a) for
consistency.
In Fig. 4 we show the results. Resampling is used to
calculate the error bands. The LECs and phase shifts
exhibit very non-Gaussian distributions in their samples.
Thus, instead of taking the variance of the samples, we
plot the error band determined by the (non-symmetric)
68% confidence interval. The χ2d.o.f obtained is close to
one for most of the lattice data sets, see Table I.
In Fig. 2 (right), we show the pairs (g, mρ) obtained
from the selected fits of this strategy. As expected,
through the discussed selection of minima there is an ex-
cellent agreement between all extrapolations. The ques-
tion remains how consistent the LECs of the selected fits
are with those determined in strategy (a). As Table I
shows, lˆ1 and lˆ2 agree within uncertainties for strate-
gies (a) and (b) for the respective data, except for the
Dudek13 and Alexandrou17 data.
In Fig. 5, the error ellipses for the L3, L5 parameters
obtained from minimization (b) are shown. All the el-
lipses are close to the values of L3 and L5 obtained from
the experimental fit (except for the Dudek13 and Alexan-
drou17 cases shown in the inset), although the size of the
ellipses indicates rather large uncertainties, particularly
in L5. In conclusion, the consistency test represented
by fit strategy (b) is qualitatively passed in the case of
the Wilson15, Bulava16, and Aoki11 data, but clearly
not in case of the Dudek13 and Alexandrou17 data. In
the latter cases, a good chiral extrapolation can only be
7★ 236 MeV Wilson15 Nf=2+1391 MeV Dudek13 Nf=2+1236,391 MeV HadSpec Nf=2+1
230 MeV Bulava16 Nf=2+1
300,400 MeV Aoki11 Nf=2+1
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266 MeV Lang11 Nf=2
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FIG. 3. Error ellipses (68% confidence) in the minimization
(a) for the SU(3) analyses of the different lattice data sets
from Refs. [26–28, 30, 34] (all Nf = 2 + 1). The thick blue
line shows the ellipse for strategy (d). The red dash-dotted
ellipse (Lang11) represents the uncertainties from the analysis
of the Nf = 2 data of Ref. [17]; see Ref. [24]. The star stands
for the result obtained in the fit to the experimental data
(very small uncertainties, not shown).
g mρ (MeV) g
′ m′ρ (MeV)
Wilson15 6.23 768.0 6.19 746.4
Bulava16 6.27 772.1 6.26 742.1
Aoki11 6.51 790.7 6.28 774.8
TABLE III. The ρ couplings and masses for strategy (b) be-
fore (g,mρ) and after (g
′,m′ρ) removing the KK¯ channel. See
also Fig. 5.
achieved at the cost of very different values of the LECs.
In Fig. 6, the KK¯ phase shifts and inelasticities for
strategy (b) are depicted. Results show consistently
small, negative KK¯-phase shifts very similar to the ones
obtained in the analysis of Nf = 2 lattice data [20, 24].
The tiny inelasticity is in agreement with the experimen-
tal data points (that also contain the larger inelasticities
from the 4pi channel) and with the solution of the Roy-
Steiner equation [59, 60] (black dashed lines) that indi-
cates the inelasticity from the KK¯ channel alone. We
show here only results for strategy (b); very similar in-
elasticities and KK¯ phase shifts are obtained for strate-
gies (a) and (c).
C. Fit (c) – Combined data Mpi < 320 MeV
Data from all lattice simulations with Mpi smaller or
equal to 320 MeV are fitted simultaneously, while L5 is
kept fixed to the value from the fit to the experimen-
tal data. In this case the number of minima found in
strategy (b) is significantly reduced and we are able to
pin down the values of the other low-energy constants
with much higher precision. The obtained low-energy
constants are shown in Table I. Phase shifts are de-
picted in Fig. 7 (left). The UChPT model describes
the lattice data consistently, except for the Aoki11 data
(Mpi = 300 MeV). These data data appear in tension to
the others within the present model. The chiral extrap-
olation to the physical point postdicts the experimental
phase shifts rather well (lower left figure). The corre-
sponding values of (mρ, g) are shown in Fig. 2 (right)
as red hexagon. The value of mρ is compatible with the
physical one.
To show the correlations between the parameters, den-
sity histograms obtained from resampling are displayed
in Fig. 7 (right) for different pairs of low-energy con-
stants. The ellipse show the results from the analysis
of Ref. [24] of the Nf = 2 data from Lang et al. [17].
The star stands for the result from the experimental fit.
The uncertainty region (light areas) obtained from fit (c)
does not overlap with the result from the Nf = 2 analy-
sis, which is also closer to the experimental value. These
discrepancies are discussed in more detail below and in
the following sections.
D. Fit (d) – combined data Hadron Spectrum
The Hadron Spectrum Collaboration provides phase
shifts for the ρ meson at two different pion masses of 236
and 391 MeV [26, 27]. We fit these data simultanously
with L3 and L5 fixed as in minimization (a). As a caveat
it should be mentioned that this common fit is directly
sensitive to the scale settings of the two ensembles and
any inconsistency in the latter will lead to a different
chiral behavior.
Phase shifts and their extrapolation to the physical
point are shown in Fig. 8. The quality of the fit is indeed
very good, with a χ2d.o.f = 1.1, although the extrapolated
ρ mass, ∼ 750 MeV, turns out to be slightly lower than
the experimental value, see Fig. 2. The LECs obtained
in this strategy are given in Table I. They are remarkably
close to the values obtained in Nf = 2 fits [20, 24]. Notice
that lˆ1 which is related to the ρ mass [20] has been re-
duced a factor 2-3 from the result obtained for these sets
in minimization strategies (b) (chiral extrapolation com-
patible with experiment) and (c) (where Alexandrou17
and Aoki11 data sets are included), being now closer to
the result from Nf = 2 analysis and experiment. With
the values of the LECs obtained in this strategy, the pion
mass dependence of the ρ is plotted in Fig. 9, in com-
parison with that from the analysis of Ref. [20], and
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FIG. 4. Phase shifts for the minimization strategy (b) described in the text. Lattice data included in the fit are marked in
red [26–28, 30, 34]. Their extrapolations to the physical point (red and dashed-blue curves) in comparison to the experimental
data (blue) are also shown. As explained in the text, results are shown that provide excellent chiral extrapolations, chosen
from several local minima.
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FIG. 5. Left: Error ellipses (68% confidence) for L3 and
L5 in the minimization strategy (b) compared to the values
obtained from the experimental fit (star).
with the lattice data. The Nf = 2 + 1 Alexandrou17 ρ
mass (orange filled square at Mpi = 317 MeV) is below
the prediction of fit (d) and, in fact, very close to the
Nf = 2 GWU result at similar mass. Note that an al-
most flat chiral trajectory and close to the experimental
ρ mass would be obtained with the LECs from fit strat-
egy (c), very different from the one shown here and in
disagreement with the result from the Nf = 2 analysis
[20] (green line) and in previous UChPT fits [46]). How-
ever, strategy (c) led to a extrapolation to the physical
point compatible with experiment for the data sets con-
sider there (except for Aoki11 which could not be well
described).
TheNf = 2+1 ρmasses of the Fu16 data [33] are larger
than the predictions of fit (d) which could be related to a
rather different value of the kaon mass or other problems
(see discussion in Appendix B).
To simulate the absence of the strange quark one can
remove theKK¯ channel from the result of fit (d). The red
dashed band is obtained predicting consistently lighter ρ
masses that are indeed compatible with most of the Nf =
2 data shown in the figure (Lang11 [17], CP-PACS07 [21],
GWU16 [20], RQCD16 [18]).
In Ref. [20], the KK¯ channel was included after fitting
the Nf = 2 GWU16 data to simulate the missing strange
quark of the lattice results. The outcome, including sys-
tematic model uncertainties, is shown with the blue solid
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FIG. 6. KK¯-phase shifts (first row) and inelasticities (second row) obtained in the minimization strategy (b), for the different
lattice data sets extrapolated at Mpi = 236 MeV, in comparison with the result from Ref. [26] (bands). In the bottom row,
the extrapolated inelasticity to the physical point, in comparison with the experimental data (squares) [58], and with the
Roy-Steiner solution of Refs. [59, 60] (black-dashed lines) is shown. Fit strategies (a) and (c) produce very similar inelasticities
and KK¯ phase shifts and are not separately shown.
band in Fig. 9. A substantial shift of the ρ mass was
observed, this time to larger values. The outcome is in
agreement with the physical ρ mass and, marginally, with
fit (d).
IV. SUMMARY AND DISCUSSION OF
RESULTS
Data sets from different Nf = 2 + 1 simulations were
fitted using several strategies which involved individual
or combined fits for various pion masses, and with 0 to
2 parameters fixed to the values of a fit to experimental
data. When fits to individual data sets are performed
and the four parameters of the model are free (strat-
egy (b)), many local minima are found because of large
non-trivial correlations between the parameters, and it is
always possible to select a chiral extrapolation which is
compatible with experimental data. As a result of this
consistency check, the (L3, L5) 68 % confidence regions
for the different lattice data lie indeed close to the re-
sult from the experimental fit, excluding the Dudek13
and Alexandrou17 data sets. The Wilson15 data pro-
vides the tightest constrains at a moderately high pion
mass (Mpi ≈ 236 MeV) and the corresponding confidence
region lies closest to the experimental values which is re-
assuring.
Thus, strategy (b) has been useful to show that, even
though the unitary chiral model has enough freedom to
allow for a good extrapolation compatible with the phys-
ical point, in some cases, extreme values of the LECs are
obtained. This tells us that more restrictions in the pa-
rameters are needed (i. e. combined fits for different pion
masses, data from other reactions, ...).
When one parameter is fixed (L5) and all data below
mpi = 320 MeV for different groups are fitted in combina-
tion (strategy (c)), a good extrapolation to the physical
point is achieved, however, we notice that: 1) The LECs
show large correlations. 2) The LECs obtained are in-
compatible with the outcome of UChPT analysis from
Nf = 2 fits [20, 24] and with fits to experimental data,
and 3) The quality of fit, as indicated by its 2.1 chi-square
per degree of freedom, shows that there is some internal
tension between the different lattice data sets, most of
the contribution coming from the Aoki11 data set, which
is not satisfactorily described.
In fit strategy (a), two of the LECs were fixed to the
values of a fit to experimental data. In this case, the
LECs obtained are close or just compatible for most data
sets, and also with the result from Nf = 2 fits [20, 24].
However, two of the data sets, Dudek13 and Alexan-
drou17, lead to extrapolations of the ρ mass which are
lower than the physical one (∼ 745 and 720 MeV respec-
tively). In addition, we have also shown that the KK¯
channel can be effectively included in the pipi → pipi in-
teraction.
Finally, in strategy (d), a combined fit of the Hadron
Spectrum Collaboration data for two pion masses, 236
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FIG. 7. Left panel: Phase shifts obtained for the minimization strategy (c) described in the text. Lattice data included in
the fit [26, 28, 30, 34] are highlighted in red. The extrapolation to the physical point in comparison to the experimental data
(blue) [58] is shown in the bottom figure. Right: Density histogram from resampling obtained in minimization (c). Ellipses in
white show the result obtained in Ref. [24] for the fit of the Nf = 2 data of Ref. [17] (Lang11) using the SU(2) UChPT model.
There, L3 and L5 were held fixed to their experimental values such that the corresponding ellipses degenerate to lines in the
figure. The stars indicate the LECs obtained from experimental phase shifts. The diagonal elements show histograms for the
distributions of lˆ1, lˆ2 and L3.
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FIG. 8. Phase shifts obtained for the minimization strat-
egy (d) described in the text. Lattice data included in the
fit [26, 27] are shown in red to the left. The extrapolation
to the physical point (red and dashed-blue curves) in com-
parison to the experimental data (blue) [58] are shown in the
right side. In the plot, the solid (dashed) line show the re-
sult using the two-channel SU(3) model (one-channel SU(2)
model). Statistical uncertainties in the extrapolations are in-
dicated with a light blue (light red) band for the SU(3) model
(SU(2) model).
FIG. 9. Red dot-dashed upper band: Pion mass dependence
of the ρ mass from the combined fit of the Nf = 2 + 1
Hadron Spectrum data [26, 27] [minimization strategy (d)].
Lower red dashed band: Same but with KK¯ channel re-
moved. Within the model, this corresponds to the prediction
for a Nf = 2 world. Green line: Analysis of Nf = 2 data
of Ref. [20]. Blue solid band: Same but with KK¯ channel
added. Within the model, this corresponds to the prediction
for a Nf = 2 + 1 world. Nf = 2 lattice results: Lang11, CP-
PACS07, GWU16, RQCD16; Nf = 2+1: HadSpec (Dudek13,
Wilson15), Bulava15, Bulava16, Alexandrou17, Fu16 (no er-
ror bars provided)
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and 391 MeV, is done. The LECs obtained are compati-
ble with the ones of theNf = 2 fits, and the extrapolation
to the physical point of the ρ mass is ∼ 750 MeV. Here,
we checked the effect of the KK¯ channel by removing
it a posteriori. The predicted mρ(mpi) dependence is in
agreement with most of the Nf = 2 data.
The model used for the present analysis is the same as
in Refs. [20, 24] for the analyses of Nf = 2 data, except
that here the full two-channel pipi/KK¯ model is directly
fitted to the Nf = 2 + 1 lattice data. In Refs. [20, 24]
the KK¯ channel was included a posteriori to compensate
for the missing strange quark in these lattice simulations.
For both Nf = 2 and the Nf = 2 + 1 lattice data (ex-
cluding Alexandrou17 and Fu16), the chiral extrapola-
tions are close to the experimental pipi phase shift; they
are consistent with the experimental inelasticities from
the KK¯ channel and also with the inelasticities and KK¯
phase shifts of the lattice simulation of Ref. [26]. In that
sense, this study gives further support to the unitarized
chiral model used here.
V. CONCLUSIONS
In this paper we have analyzed the available Nf = 2+1
p-wave pipi phase shift data from the lattice using a simple
model based on unitarized Chiral Perturbation Theory.
Our analysis shows that, in most of the Nf = 2+1 sim-
ulations, the extrapolation to the physical point of the ρ
mass is close to the experimental value. Still, the analysis
reveals inconsistencies between some of the Nf = 2 + 1
data. Particularly, the Alexandrou17 (where the extrap-
olated ρ mass is significantly lower) and Fu16 (unknown
value of the kaon mass) data sets, produce inconsistent
results with other sets within our model. For the Fu16
results we do not have sufficient information to trace the
source of the discrepancy, however, this inconsistency is
also present when comparing the bulk of lattice data.
We also found that the LECs from a combined fit of
the Hadron Spectrum Collaboration data for two differ-
ent pion masses are in agreement with the ones of Nf = 2
UChPT analyses, and that, when the KK¯ channel is re-
moved, the value of the mass of the ρ shifted downwards,
in good agreement with most of the Nf = 2 simulations
and with the results found in Refs. [20, 24].
The present analysis shows that UChPT can be used
to parametrize the light-quark (or pion mass) dependence
of the phase-shifts in the rho-channel well. Most of the
extrapolations of the Nf = 2+1 lattice data to the phys-
ical point agrees with experimental data. This further
shows that the disagreement between the extrapolation
of the Nf = 2 lattice results and the experiment is not an
artifact of the extrapolation. As a further research direc-
tion, a combined fit to lattice data in other partial waves
and, e.g., other channels, piK, KK¯,... could put tighter
constraints on the LECs and show whether our UChPT
model accurately captures the low-energy dynamics in
meson-meson scattering across all channels.
Mpi(MeV) lˆ1 × 103 lˆ2 × 103 χ2d.o.f
Wilson15 236 3.0± 0.8 −3.0± 0.1 0.87
Dudek13 391 1.4± 0.4 −3.4± 0.2 1.24
Bulava16 230 3.6± 1.5 −3.0± 0.3 1.18
Bulava15 280 4.5± 1.1 −2.8± 0.3 1.24
Aoki11 300&400 2.1± 0.5 −2.8± 0.2 1.13
TABLE IV. Pion mass, low-energy constants and χ2d.o.f ob-
tained in the fits of the lattice data from Refs. [26–30] to the
SU(2) UChPT model.
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Appendix A: Fits to SU(2) UχPT
Fits of the Nf = 2 + 1 lattice data using the SU(2)
UChPT model are also performed, with the p-wave pipi
potential given by Eq. (9) alone. The extrapolated phase
shifts reproduce the experimental data for the case of
the Wilson15, and Bulava15,16 data, see Fig. 1, right
(dashed lines). The phase shift at the physical point
obtained for the Dudek13 data is off the experimental
data, while for the Aoki11 data it is similar to the SU(3)
result. The resulting LECs are shown in Table IV. The
LEC lˆ2 is quite stable in both SU(2) and SU(3) fits being
slightly lower for SU(2) fits in general.
In general, SU(3) analyses yield larger values of lˆ1 than
SU(2) analyses, see Tables I and IV. It should be noted
that these values cannot be directly compared because
the LECs in the SU(2) fit effectively absorb the KK¯ dy-
namics that is explicitly treated in the SU(3) fits.
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Appendix B: Lattice data of Ref. [33] (Fu16)
In this section the analysis of the data from Ref. [33]
is presented. The minimization is done only with the
SU(2) UChPT model, using Eqs. (9) and (10). We do
not make any attempt to perform SU(3) fits because for
several ensembles essential parameters such as the kaon
mass were not known to us. Yet, for the other lattice data
we have observed that the KK¯ channel can be very effec-
tively absorbed; results from a one-channel pipi fit should
be reliable in this respect. Fitted and extrapolated phase
shifts are shown in Fig. 10. The SU(2) UChPT extrapo-
lation fails to predict the experimental ρ-phase shift data
for these lattice data. The reason lies in that the LECs
obtained from the fit are out of the range of those in
Table I. To quote some values, for Mpi = 247 MeV the
LECs obtained are
lˆ1 = (9± 2)× 10−3 lˆ2 = −(1.9± 0.4)× 10−3
with a χ2d.o.f = 0.5. While for Mpi = 248 MeV, we get
lˆ1 = (12± 1)× 10−3 lˆ2 = −(1.5± 0.2)× 10−3
and χ2d.o.f = 2. Although the above values are compati-
ble between each other within errors, they are still quite
different from the LECs obtained for other lattice data
sets analyzed in this study. Moreover, the phase shift
data from Ref. [33] with Mpi = 248 MeV is not compat-
ible with the Wilson15 data; although the pion mass in
the latter is only 10 MeV lower, the phase shifts from
Ref. [33] are systematically larger (∼ 20o around the
resonance region). The data from Ref. [33] also show
discrepancies with the Aoki11 data for Mpi = 300 MeV
which might originate from different scale settings or a
different kaon mass.
[1] M. Lu¨scher, Commun. Math. Phys. 104, 177 (1986)
[2] M. Lu¨scher, Commun. Math. Phys. 105, 153 (1986)
[3] M. Lu¨scher, Nucl. Phys. B 354, 531 (1991).
[4] M. Lu¨scher and U. Wolff, Nucl. Phys. B339, 222 (1990)
[5] K. Rummukainen and S. A. Gottlieb, Nucl. Phys. B 450,
397 (1995)
[6] X. Feng, X. Li and C. Liu, Phys. Rev. D 70, 014505
(2004)
[7] F. X. Lee and A. Alexandru, arXiv:1706.00262 [hep-lat].
[8] C. Liu, X. Feng and S. He, Int. J. Mod. Phys. A 21, 847
(2006)
[9] M. Lage, U.-G. Meißner and A. Rusetsky, Phys. Lett. B
681, 439 (2009).
[10] V. Bernard, M. Lage, U.-G. Meißner and A. Rusetsky,
JHEP 1101, 019 (2011)
[11] M. Do¨ring, U.-G. Meißner, E. Oset and A. Rusetsky, Eur.
Phys. J. A 47, 139 (2011)
[12] M. T. Hansen and S. R. Sharpe, Phys. Rev. D 86, 016007
(2012)
[13] K. Polejaeva and A. Rusetsky, Eur. Phys. J. A 48, 67
(2012)
[14] M. T. Hansen and S. R. Sharpe, Phys. Rev. D 92, no.
11, 114509 (2015)
[15] D. Agadjanov, M. Do¨ring, M. Mai, U.-G. Meißner and
A. Rusetsky, JHEP 1606, 043 (2016)
[16] R. A. Bricen˜o, M. T. Hansen and S. R. Sharpe,
arXiv:1701.07465 [hep-lat].
[17] C. B. Lang, D. Mohler, S. Prelovsek and M. Vidmar,
Phys. Rev. D 84, 054503 (2011) Erratum: [Phys. Rev. D
89, 059903 (2014)]
[18] G. S. Bali et al. [RQCD Collaboration], Phys. Rev. D 93,
054509 (2016)
[19] C. Pelissier and A. Alexandru, Phys. Rev. D D87, 014503
(2013)
[20] D. Guo, A. Alexandru, R. Molina and M. Do¨ring, Phys.
Rev. D 94, no. 3, 034501 (2016)
[21] S. Aoki et al. [CP-PACS Collaboration], Phys. Rev. D
76, 094506 (2007)
[22] X. Feng, K. Jansen and D. B. Renner, Phys. Rev. D 83,
094505 (2011)
[23] M. Go¨ckeler et al. [QCDSF Collaboration], PoS LAT-
TICE 2008, 136 (2008)
[24] B. Hu, R. Molina, M. Do¨ring and A. Alexandru, Phys.
Rev. Lett. 117, no. 12, 122001 (2016)
[25] J. A. Oller, E. Oset and J. R. Pela´ez, Phys. Rev. D
59, 074001 (1999) Erratum: [Phys. Rev. D 60, 099906
(1999)] Erratum: [Phys. Rev. D 75, 099903 (2007)].
Oller:1998hw
[26] D. J. Wilson, R. A. Bricen˜o, J. J. Dudek, R. G. Edwards
and C. E. Thomas, Phys. Rev. D 92, no. 9, 094502 (2015)
[27] J. J. Dudek et al. [Hadron Spectrum Collaboration],
Phys. Rev. D 87, no. 3, 034505 (2013)
[28] J. Bulava, B. Fahy, B. Ho¨rz, K. J. Juge, C. Morningstar
and C. H. Wong, Nucl. Phys. B 910, 842 (2016)
[29] J. Bulava, B. Ho¨rz, B. Fahy, K. J. Juge, C. Morningstar
and C. H. Wong, PoS LATTICE 2015, 069 (2016)
[30] S. Aoki et al. [CS Collaboration], Phys. Rev. D 84,
094505 (2011)
[31] B. Fahy, J. Bulava, B. Ho¨rz, K. J. Juge, C. Morningstar
and C. H. Wong, PoS LATTICE 2014, 077 (2015)
[32] X. Feng, S. Aoki, S. Hashimoto and T. Kaneko, Phys.
Rev. D 91, no. 5, 054504 (2015)
[33] Z. Fu and L. Wang, Phys. Rev. D 94, no. 3, 034505 (2016)
[34] C. Alexandrou et al., arXiv:1704.05439 [hep-lat].
[35] T. Metivet [Budapest-Marseille-Wuppertal Collabora-
tion], PoS LATTICE 2014, 079 (2015)
[36] D. R. Bolton, R. A. Bricen˜o and D. J. Wilson, Phys. Lett.
B 757, 50 (2016)
[37] M. Do¨ring, B. Hu and M. Mai, arXiv:1610.10070 [hep-
lat].
[38] R. A. Bricen˜o, J. J. Dudek, R. G. Edwards and D. J. Wil-
son, Phys. Rev. Lett. 118, no. 2, 022002 (2017)
[39] L. Liu et al., arXiv:1701.08961 [hep-lat]
[40] S. Aoki et al. [JLQCD and TWQCD Collaborations],
Phys. Rev. D 80, 034508 (2009)
[41] T. N. Truong, Phys. Rev. Lett. 61, 2526 (1988)
13
FIG. 10. First and third columns: phase shifts obtained in the SU(2) UChPT fits of the lattice data from Ref. [33]. The
respective pion masses are indicated. Second and fourth columns: Respective chiral extrapolations to the physical point in
comparison with the experimental data. See Fig. 1 for further description.
[42] A. Gomez Nicola, J. R. Pela´ez and G. R´ıos, Phys. Rev.
D 77, 056006 (2008)
[43] J. R. Pela´ez and G. R´ıos, Phys. Rev. Lett. 97, 242002
(2006)
[44] J. R. Pela´ez and G. R´ıos, Phys. Rev. D 82, 114002 (2010)
[45] A. Gomez Nicola and J. R. Pela´ez, Phys. Rev. D 65,
054009 (2002).
[46] J. Nebreda and J. R. Pela´ez., Phys. Rev. D 81, 054035
(2010)
[47] X. K. Guo, Z. H. Guo, J. A. Oller and J. J. Sanz-Cillero,
JHEP 1506, 175 (2015)
[48] Z. H. Guo, J. A. Oller and J. Ruiz de Elvira, Phys. Lett.
B 712, 407 (2012)
[49] J. Gasser and H. Leutwyler, Annals Phys. 158, 142
(1984)
[50] J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465
(1985)
[51] F. Giacosa, Phys. Rev. D 80, 074028 (2009)
[52] P. C. Bruns and U.-G. Meißner, Eur. Phys. J. C 40, 97
(2005)
[53] M. Do¨ring, U.-G. Meißner and W. Wang, JHEP 1310,
011 (2013)
[54] M. Do¨ring, J. Haidenbauer, U.-G. Meißner and A. Ruset-
sky, Eur. Phys. J. A 47 (2011) 163
[55] M. Do¨ring, C. Hanhart, F. Huang, S. Krewald and U.-
G. Meißner, Phys. Lett. B 681 (2009) 26
[56] H. X. Chen and E. Oset, Phys. Rev. D 87, no. 1, 016014
(2013)
[57] M. Do¨ring, U.-G. Meißner, E. Oset and A. Rusetsky, Eur.
Phys. J. A 48, 114 (2012)
[58] S. D. Protopopescu et al., Phys. Rev. D 7, 1279 (1973)
[59] F. Niecknig, B. Kubis and S. P. Schneider, Eur. Phys. J.
C 72, 2014 (2012)
[60] P. Bu¨ttiker, S. Descotes-Genon and B. Moussallam, Eur.
Phys. J. C 33, 409 (2004)
